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      Abstract 
In the frequency domain, the nearly constant loss (NCL), is characterized 
by a slope 1 in log of the real part of the electrical conductivity vs log 
frequency plots. It can be explained by an anomalous diffusion, defined by 
a random walk with the mean square displacement proportional to the 
logarithm of time, rather than being linearly proportional to time, as in 
normal diffusion. The present work suggests a random walk algorithm 
that leads to anomalous, logarithmic time dependence. That has been 
accomplished by scaling down the subsequent random walk 
displacements by a factor, 1/sqrt(t)  
 
 
Introduction 
The nearly constant loss (NCL) is a widely observed phenomenon in disordered materials, 
where the AC electrical conductivity increases nearly linearly with the frequency of the applied 
voltage [1]. This characteristic is also known as the 2nd universality, given its ubiquitous 
presence in many different systems, and, following a related, widely observed frequency 
response in the form of a power law [2, 3], with a positive exponent <1, which is also known as 
the first universality. 
NCL appears over a wide range of frequencies at very low temperatures for which the DC is not 
significant.  At high temperatures it could be observed at high frequencies only.  While the first 
universality is a thermally activated ion hopping process, the NCL phenomenon is not thermally 
activated [4]. The low temperature NCL and the one observed at high temperatures and high 
frequencies are suggested to have different origins, and it is an open topic [1]. 
It has been shown that a logarithmic dependence of the mean square displacement (MSD) of a 
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particle on time as it performs a random walk from the point of origin can be translated to a 
NCL in the frequency domain [5, eq. 10] for mobile ions in disordered solids.  
While it is quite easy to model the classic diffusion process leading to, MSD ~ t, where “t” is 
time, by a random walk simulation algorithm, an algorithm leading to, MSD ~ log (t), is not 
trivial to derive and, to the best of author’s  knowledge, it does not appear in literature. 
In the following section a “slowed down” random walk algorithm is shown to lead to a 
logarithmic dependence on time, which could contribute to a better understanding of NCL, 
which is still not fully understood and is actively studied.   
 
Results and Discussion 
The initial implementation of the algorithm suggested here, simulates a simple random walk 
leading to normal diffusion, MSD ~ t characteristic, with unit time step, and a constant absolute 
value of the displacement for each time step. The direction of the hopping is random, with 6 
degrees of freedom. For say, the X-axis, we have +delta(x), or -delta(x), only. It was found that 
an addition of small probability of a “no move” degree of freedom (for a “lazy” walk) did not 
change the results significantly.  
The algorithm calculates the 3D position of the particle at a discrete time “t”, expressed as the 
number of time steps from the start of the random walk run, for many realizations of the 
random walk. All 3-axis components of displacements between the initial and the position at 
time “t” for each realization of the random walk, are squared, added, and then divided by the 
number of runs giving the mean square displacement value (the MSD) for all realizations after 
the same number of time steps. 
The first experiment was to simulate a classic random walk that is expected to result in, MSD ~ 
t.   
 In this simulation: 
a. total number of time steps in a random walk run = 2000 
b. single displacement absolute value for a time step = 1 
c. probability of +/0/- hops is, 8/20, 4/20, 8/20 respectively (see line 6 from top in the 
Appendix) 
d. total number of random walk runs =2000 
The X-axis component line in the algorithm,  that is making the recursive addition of the next 
time step displacement is: 
 
Xn  Xn-1 + step*S1n-1  (the case of normal random walk, not shown in the appendix), 
 
where step=1,  S1n-1 can have +1/0/-1 values determined by probabilities mentioned in “c” in 
3 
 
the list above. This leads to the normal random walk. 
As can be seen in Fig. 1, below, MSD vs time steps, in linear scales, shows the expected straight 
line, characteristic of classic diffusion, with the slope proportional to the diffusion constant.  
      
 
Fig. 1: Mean squared displacement as a function of time (in units of time steps) for normal 
random walk 
 
For the second experiment, the size of a single time step displacement was modified to be a 
function of the discrete time – the number of the time step in the sequence of the random walk 
run. All other parameters are the same as in the first experiment. The modified recursive 
addition line in this case (shown in the appendix, code line 4 from bottom), is: 
 
 Xn  Xn-1 + (step/sqrt(n))*S1n-1  (the slowed-down random walk), 
where “n” is the discrete time – the time step number in the sequence of steps.   
This results in the apparently logarithmic dependence of the mean square displacement on 
time, as shown in Fig. 2: 
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Fig. 2: Displacement at discrete time, t is reduced by the factor 1/sqrt(t). 
 
Transforming the data in Fig. 2 to semi logarithmic format (logarithmic time scaling), gives the 
expected straight line of MSD ~ log(t). 
 
 
Fig. 3: The slowed down random walk of Fig. 2 in semi logarithmic representation, with log time 
scaling. 
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It should be noted that the recursive addition, Xn-1 + (step/sqrt(n))*S1n-1  , used in the present 
algorithm is a special (p=1/2) case of random  hyperharmonic series, for example: 
1 + 1/2p - 1/3p + 1/4p – 1/5p – 1/6p …. +/- 1/np     eq. 1 
For p = 1 and non-random, but alternating +/- signs, the series converges [6]: 
1 – 1/2 + 1/3 – 1/4 + 1/5 - ….. = ln(2)       eq.  2 
Given the obvious non-convergence shown in Figs. 2-3, the random, p =1/2,  hyperharmonic 
series in our case can not be related to the alternating, p=1, hyperharmonic series.  
Apparently, after realization of many different random sequences, and using squaring and 
averaging operations by the algorithm used, we get logarithmic characteristics similar to a 
simple harmonic series. While a mathematical proof, or explanation, for the clear logarithmic 
characteristic shown by the algorithm suggested here, is obviously an interesting mathematics 
topic, it is not in the scope of this note, but one can point to the similarity with random  
hyperharmonic series, modified by additional operations, of taking squares and averaging. 
The physical significance of the scaling-down algorithm given here might provide a clue to 
possible energy dissipation mechanisms that will be researched in more studies. 
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Appendix 
The main part of the algorithm suggested, written in the programming module of Mathcad, 
version 13.0 (Mathsoft) 
 
